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Abstract-This paper deals with the analytical study of the dynamic growth of microvoids. A
previous model by Carroll and Holt (1972). Static and dynamic pore-collapse relations for ductile
porous materials. J. Appl. Plrys. 43, 16~&-1636. for porous perfectly plastic materials under the
action ofa purely hydrostatic stress is further developed to include the influence of material viscosity.
strain hardening and thermal softening in the tensile fracture behaviour. The results of this analY'sis
are discussed with the help of a numerical study of the void growth relationships derived; the
conelusion is that both material viscosity and strain hardening may have an important influence on
the tensile strength of ductile materials at high strain rates. It is also shown that. in the conditions
of the analysis. thermal softening by itself has a negligible intluence on the dynamic tensile strength
at high strain rates due to eltcessively localized heat generation near the surface of the voids.

I. INTRODUCTION

High tensile stresses may develop within a material as a result of the interaction of stress
waves, and dynamic failure in the form of an internal cavitation may take place. This type
of I~tilure, termed spall fracture, may be either brittle or dm:tilt.:. Brittle spall is controlled
by the evolution of microcracks in the material which propagatc and linally coalesce to
generate the spall plane. The fracture may eventually be accompanied by a considerable
plastic deformation around the microcracks. On the other hand. ductile spall is controlled
by the dynamic evolution and coalescence of microl'oids, accompanied by a large plastic
deformation of the material around the voids.

The evolution of material response during spall is a complex problem. It is recognized
that the presence of pre-existing heterogeneities can lead to the opening of cracks or voids
and the initiation of the spall process. Experimental evidence suggests that there exists a
threshold tensile stress at which sp,1I1 initiation takes place. However. a material can bear
tensile stresses considerably larger than such threshold stress without causing an important
fracture process. This is due to the inerti,t and the kinetics associated with the micro­
mechanisms controlling the spall type of fracture.

Several attempts have been made to ddine the phenomena controlling spall fracture.
It has been established that spall fracture is associated with the complicated conl.:urrence
of nucleation, growth and coalescence of microdelccts. which can depend on both the pre­
existing and the evolving microstructure. Based on experimental arrangements, such as that
of plate to plate impact. the detailed damage processes associated with spall have been
carefully studied, and statistical laws for the nucleation and growth of microcracks or
microvoids under given experimental conditions have been proposed. This latter approach
needs the experimental determination of several parameters, which is rather complicated in
practice. Review articles by Curran (1982), Curran C( £11. (1987) and Meyers and Aimone
(1983), explain in some detail the most relevant results of both experimental and theoretical
studies of spall fracture.

In the present paper we are concerned with the ductile type of spall fracture and our
approach dilTers from those mentioned above. In particular, we analyse in detail the plastic
void growth process which takes place under extremely high rates of loading. The basic
assumptions of this analysis are taken from a previous model for perfectly plastic porous
materials presented by Carroll and Holt (1972) for shrinking pores, and later extended by
Johnson (1981) to pore expansion. The voids are assumed to be spherical and to grow
plastically under the action of an externally applied macroscopic hydrostatic stress. The
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intluence of material viscosity. strain hardening and thermal softening effects on the dynamic
void growth eq uation are ascertained. One of the advantages of using an analytical approach
is that the influence of different effects on the dynamic void growth can be isolated and
studied in greater depth. The intluence of triaxiality in the void growth process is not
considered. sinl:e in the light of the works by Gurson (1977). Rice and Tracey (1969). Cocks
(1(89) and others on static void growth. it bt."Comes clear that the inclusion of triaxiali ty in
the void expansion analysis greatly complicates the problem. So. numerical techniques an:
frequently employed when triaxiality etfects are important (Tvergaard. 1982. Koplik and
Needleman. 1988. Becker et at.. 1989). Moreover. it is expected that under extremely high
loading rates. the hydrostatic stress will be the leading stress component in the spall fracture
proct.:ss.

2. RELATIONS FOR DYNAMIC VOID GROWTH UNDER HYDROSTATIC STRESSES

2.1. (;cw:rai equation
As a first step. a general relationship is derived between external hydrostatic stress and

material porosity. Such a relation allows us to discuss within the same reference frame the
growth of cavities when different yield criteria are considered. In the following sections. the
intluence of strain-rate. plastic strain and temperature on yield strength are analysed.

Starting with the simple assumptions of Carroll and Holt (1972). a uniform and
homogeneous distrihution of spherical voids is assumed. The process of hole growth can
he modelled following the evolution of a hollow sphere of inner radius a (ao• initial void
radius) and external radius h (radius of the zone of influence of each pore). suhjected to
cxternal stress a. as shown in Fig. I. Furthermore. the material is considered incompressihle.

The relevant dynamic equilihrium eljuatioll for the model is:

(I)

where a, is tht: radial stress. all the hoop stress and II the material density. r is an inner
radius hetween a and h. and t is time. On integrating this equation. and after some
manipulation. the following expression for the dynamic growth ofcavities under an extt:rnal
stress a at every instant t. is obtained (Carroll and Holt. 1972. Johnson. 19S I):

ih" A '
., U . jJll,i ...

a +- OR dR = 3( I 1.1 Q(:x.:x.:x)
I • ::<Il- )

where t\ = a, - a". R = r.ia and Q is given by:

(2)

tfttftttttt tttfftttttt..-- -... .....- --..-- --- 0 0---- -0 ----a -- 0 0 --- --
-l •••• llll ••- -l +•••• +++++-

ACTUAL SOLID SIMPLE SOLID MODEL

Fig. 1. Graphical representation of the simplifications of the model. To the left the actual solid with
an Irregular distribution l,f voids is shown. In the center. the actual void distribution is replaced by
a distributi'"l of ..;inglc·sized c<jllaHy .;epar;\ted voids. To the right. the radius of influence sur·

rounding cach void is shown.
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(3)

where dots indicate time differentiation and 2. the distention factor of the material. is defined
as:

(4)

It has been previously determined that the period of the sphere deformation process
while the material near the void is plastic and the farther material is still elastic is in practice
sufficiently brief to be ignored. Johnson (1981), and. in consequence. we can reasonably
assume that the hollow sphere will be at a fully plastic stage from the very beginning of the
deformation process. Hence. for a growing void we will have:

(5)

where the yield strcngth (je is dctermincd by the particular constitutive equation of the
material. For a perfectly plastic material. for instancc. where (ie equals a constant value (io.

cqn (2) becomes:

(6)

This expression was previously derived by Carroll and Holt (1972) for the case of
shrinking pores.

2.2. Strain rate dependence 0/ the yieltl stress
We now assume a dependence of the yield stress of the type:

(7)

when: the plastic strain ratc Eis defined by t;~ = 2EijE,;/3. the i'l being the components of the
plastic strain rate tensor. Since we have a plastic deformation process with spherical
symmetry, the equivalent plastic strain is given by Johnson and Mellor (1973) :

£ = 21n (~-)
ro

and the corresponding strain rate is:

r
f. = 2 <,

r

Taking into account material incompressibility:

and noting from the above expression that aJ{cxo-l) = a~{cx-I). we finally get:

(8)

(9)

( 10)
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and from C~). (5) and (.7). one obtains the following relation for hole growth under
hydrostatic stress (J:

") (I )") B pac_(J" '- -(In " m '" tJ .. .
(1- --:;.-In .. ---~ -~-(2:x;(3(:x-1)}) (1-«'1-I):x) ) = ----~--~ Q(:x,:X,:X).

_' :x - I 3m 3(:'t 1J - 1)

(12)

Alternatively, if we assume a dependence of the yield stress of the type:

( 13)

then the dynamic void growth equation (2) becomes:

::!(fn (:x) 2tr il fl ( 2:( ) ('X) /i(fn •(f- In - In.. "In -- + [In(:X/('1-I))J~
"3 1. I "3 "3(1.-I}<:o :x-I 3

pail ,..
'"I - I': 1 Q(:X,l, :x). (14)
-'(:X o - )

2.3..",·traifl harde/liny dcpcndeflC<: of lhe yidd stress
Strain hardening can be ,Il:counled for hy means of a simple equation of the type:

From cqn (X) and mataial incompressibility one can deduce that

,( 'X-:X II ),: = - i In 1- 1
. (:x-I)R

and since

I \..,11

In(l-x) = -I"
I n

then eqn (2) for hole grO\\,-th becomes

where

, (:x - 'X )"
F (:x :x ) = L ~---~- (I-«:x-I) ':xn

1 • 0 I {:x _ ()"n 2 ;.

( 15)

( 16)

( 17)

( 18)

(19)

lA. Strain rate and :\train !wrdeflinq depcndence of the yield stress
In a manner similar to that of the previous sub-sections. if the yield stress is represented

by
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(20)

it can be easily verified that the differential equation for the dynamic void growth is given
by

20",) (:x) 40"0 ' 20"08
0"- 3 1n :x-I - 9 HF1(:x.:x0)- 3m (2:i;(3(:x-1»))"'(1-«:x-l)/:x)"')

2(joBH(.,. '("'( 1»)"'F () pa~ Q(-')- 3 _:x,., :x - 1 :X':Xl] = 3 I " :x. :x. :x(:X o - ).-

where

< (:X-:Xo)" ,.
Fz(:X. :Xo) = '\ -~---_.(I-«:x-I)/:x) ).7 (:x-Itn(n+m)

On the other hand. if we consider a yield stress dependence of the type:

"c = (jo(l + Hr:{ I + {3 In (~) ]

we find that the dynamic pore growth process is governed by the equation

(21)

(22)

(23)

2"0 (:x) 2(T0/1 ( 2i ) (:x) //(To , 4(j0
(T- 1 In , -I - 1 In 1, _ : In _ + 1 [In (:x/(:x-l)))' - lfFt(rx,:Xo)

. :x . . (:x I )1.0 :x I . 9

(24)

where

2.5. Temperature dependence olthe yield stress with or without simultaneolls strain hardening
An aspect worth considering in the dynamic growth of voids under external stress is

the temperature increase in the material as the result of the plastic work dissipated as heat.
For materials experiencing linear thermal softening, the yield stress dependence may be
written as

(26)

where T is temperature and 0 can be roughly identified with the melting temperature, both
measured with respect to a reference value. It is worth noting that in this situation the
plastic deformation is unstable and may give rise eventually to plastic strain localization in
the presence of perturbations. Bai (1982). However. this case retains its interest because
there is a delay between the instant of reaching the instability condition and that when
strain localization is achieved, Grady and Kipp (1987). Under extremely high strain rate
loading, this delay may be an important fraction of the total loading time, or even longer.
Furthermore. in doing so we can isolate the thermal softening effect from other factors and
so study it in greater depth.

$AS 29: 11-8
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We now consider the case of a non-conducting material. In this case. we can estimate
the local temperature increment from the expression:

K(10( T)dT= ~ 1- - de
pC 8,

(27)

where C is the specific heat and I( is the coefficient of Taylor and Quinney (1934). a value
of about 0.9 for metals. On integrating this latter equation from the initial state. we obtain

where

Since

we can write

• 21«10

I. = 3pCO'

... <) ,,' , x"
(I-x) = 1+'[(-1) 1,(/.-I) ... (J.-II+I)-·
I"!

( T) ~ ,,(:X-:Xo)" , I
1- o· = 1+L,(-1) I" ).().-I) ... (/. 11+1) 1

I (:x- ) II!R"

(28)

(29)

(30)

(3\ )

where eqns (10) and (28) are taken into account, and finally the dilferential equation
governing the dynamic pore growth problem comes to be

where

-'-- I {(:X-:X)" }
F 4 (iX,:Xo)='[(-1)").().-I) ... ().-n+I)-- -_o-(I-«:x-I)/:x)") .

I n!n (ex-I)"

(32)

(33)

Now, consider yielding which exhibits simultaneously strain hardening and thermal
softening, of the type

(34)

For a non-conducting material the temperature increase is obtained from the equation

or

(T dT ('1«10
Jo (I - TIO) = Jo pC (I + Hf:) de (35)

(36)

and the yielding equation (34) can be written as a function of R, as shown in the Appendix,
as:
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(37)

Using this expression. the governing equation of the dynamic void growth process
becomes

(38)

where

In the above expression. eis the material porosity defined as e= (alb)J. We remark that ~

is related to the distention factor a: by the expression e= (a: - I )/a:.
Finally. if a yield stress dependence of the type

(40)

is assumed. then the solution of the coupled thermo-mechanical problem depends on the
loading history and has to be solved by numerical methods.

3. NUMERICAL ANALYSIS

In this section. we analyse numerically the analytical formulation previously developed.
assuming a material subjected to a linearly increasing hydrostatic stress and determining
the influence of the different yielding functions on dynamic pore growth. So. we consider
now the influence of a viscous term. the strain hardening and the thermal softening effects.

For this analysis we have chosen the parameters (10 = 200 MPa. C = 902 J kg- I K- 1

and p = 2700 kg m- J
• which may correspond to an aluminium. Some simulations for a

copper-like material. with (10 = 150 MPa. C = 385 J kg-I K-I and p = 8930 kg m - 3. were
also performed. A value of ao = 10- 6 m for the initial pore size was selected. as well as an
initial porosity of eo = 10- 4

• where porosity is defined as e= (a:-I)/a:. Unless otherwise
indicated. a hydrostatic loading pulse increasing at a constant rate of 10 GPa p.S-1 was
assumed.

The evolution of porosity with time was obtained from the numerical integration of
the corresponding dynamic void growth equation. It is well known that coalescence of
cavities takes place at a given instant as voids grow. In this simulation. and just to fix ideas.
it is assumed that coalescence takes place by direct impingement of the cavities when the
distance between cavities equals the void radius. This implies that the corresponding
porosity at the instant of coalescence equals e= 0.30. In consequence the dynamic tensile
strength is defined as the hydrostatic stress acting on the material for a porosity value of
e= 0.30. So the numerical analyses are made up to the moment when a value of e= 0.30
is reached. The selection of this critical porosity value agrees with experimental measure­
ments of void volume fraction at the fracture plane in spall experiments performed in
copper. Johnson (1981). Moreover. Grady (1988) has suggested for ductile fracture that
coalescence might begin for a void volume fraction of the same order of magnitude of that
here selected.
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Figure 2 presenls the stressporosily curves for a perfectly plastic behaviour of the
aluminium-like material subjected to loading rates of 1.0 GPa liS i, 10 GPa liS· I and
100 GP" ItS' 1.

Figure 3 is for the ease of the aluminium-like material with the viscous resistance term
given by eqn (7) with fII = 0.5 and for different values of parameter B. Parameter B was
estimated as B = D!£~':, with D = 3.0 and 1:0 = 105 s I, 10" s I and 107 s I alternatively,
giving ditferent degrees of strain rate sensitivity in the high strain rate range (I; > to4s' I).

This tigure shows that the strain rate sensitivity of materials in the high strain rate range
has a remarkable inlluenee on the tensile strength of the material.

The int1uenee of strain hardening on dynamic void growth is illustrated in Fig. 4; Fig.
4a shows the results obtained for the aluminium-like material, where a hardening parameter
II = I was chosen, whereas Fig. 4b shows the results for the copper-like material, where
values of II = 5.0 and ff = 10.0 were taken.

Figure 5 illustrates the influence of thermal softening on the porosity curves for the
aluminum-like material by taking {} = 800 K and 1\ = 0.9. Qualitatively similar results were
obtained for copper.

4. DlSCUSSIO:--J

Material viscosity, especially in the high strain-rate range, has a great influence on the
dynamic tensile strength of aluminium as shown in the previous section. This is a useful
result since the practical determination of material properties at such high strain rates is
not an easy task. Strain hardening also has an important influence though less marked than
the previous one. In particular, for aluminium it has an effect which can be disregarded in
practice, whereas for greater amounts of work hardening, such as that exhibited by copper,
the degree of influence on the dynamic tensile strength is greater.
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Thermal softening by itself has a negligible effect on tensile strength under high loading
rates. for both copper and aluminium. This result is based on the assumption of a vanishing
value of thermal conductivity, but it is unlikely that the consideration ofa finite conductivity
modifies this conclusion. The average temperature increase within the zone of influence of
a spherical cavity for a non-conducting material is given by. Cortes (1989):

(T) __1_~ (_ "... 1 (:x-eto)" ).().-I) ... (.:l.-n+ I)
o - I - e~ I} (7 _ I)" n! CIt

(41)

where

C\ =eIn (lIe)

e-~"
elf = n _ I' (n > I). (42)
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On the other hand. It is easy to verify that for a material with infinite thermal con­
ductivity the corresponding temperature increase will be (Cortes, 1989)

T

IJ

(:x,,-I)' (,,1--;1
1- ...~ -.----,-.

(:x-I)' ~:,'I ;,,1
(43)

For an initial porosi ty of ~ il = 10 J and a final porosity of ~ = 0.1, egn (41) gives an
average temperature increase of only 1.64% of the melting temperature of aluminium. and
about 0.70% of the melting temperature for copper. These results reflect the limited influence
of the thermal softening effect on the dynamic growth of microvoids. Moreover. for
aluminium. for instance. and for a porosity value of ~ = 0.1. it can be shown that the
temperature in the inner wall of the void (r = a) will be about the melting temperature: at
r = 1.05u, the temperature increase will be about only 12% of the melting temperature.
whereas at r = h = 2.15u. the temperature increase is less than about I% of the melting
temperature. Consequently. although the temperature increase in the inner wall of the cavity
may be a substantial fraction of the melting temperature of the material as previously noted
by Johnson (19S I). such an erTect is so localized that it has a negligible influence on the
global strength of the material. In fact, the geometric softening term 2an/3 In (I /~) has a
much more pronounced softening efTect than the thermal efTect. On the other hand. for
~II = 10' and ~ = 0.1. eqn (..D) gives a temperature increase under the assumption of
infinite thermal conductivity of about 2.19'1., of the melting temperature for aluminium and
0.94';;, for coprer. So it is unlikely that the consideration of thermal conductivity effects in
the analysis modifies the aoove conclusion.

5. CONCLUSIONS

(I) A model for dynamic growth of microvoids under hydrosatic stress, based on a previous
one introduced oy Carroll and Holt (1972) for shrinking pores. was extended to take
into account the efll:ct of material viscosity. strain hardening and thermal softening in
the tensilt: fracture behaviour of ductilt: materials.

(2) Thermal softening oy itself was found to have a negligible influence on dynamic tensile
strength in the case of aluminium and copper-like materials, due to an excessively
localized heat generation near the surface of the voids.

(3) Explicit expressions which allow to quantify the efTects of material rate dependence in
the high strain rate range (of the power law and logarithmic types) and linear strain
hardening in the dynamic growth of microvoids have been presented. Such factors may
have an important etTect on the dynamic growth of microvoids as reflected in the values
of dynamic tensile strengths.
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APPENDIX

(AI)

where

After series expan,i,'n of the Imear hardening term app,:aring in eqn 0"). we can write

21l ~_ ex -ctu )'
I + Iii: = 1+ J , •

3'j'(ct--)'nR'

(A2)

(A 3)

The thnmal softening term of e'ln (3") can he expressed. through e'lns (Al) and (A2). as the product of the
f"lh'wlllg two ,crIes:

and

\
_ • (.ct 'X,,)'

...... "I J-"",(-I)'"O -I) .. (;,-flr-I) ,
, ('X -l)'fl! R'

11
"

, " ('X .-. ct u I'
" • .( nt'''' = I + {I ,

"7 ~(-%-I)",,!R'I"

(M)

(AS)

In thi, latter equation. the a, correspond to the flth derivatives of the left-hand-side computed for
~ = ((x-ctu)/(ct-I»,R' =0. Dctiningf,(x) asthelcft-hand-sideofeqn (A5). and h(x) as

w .
hex) = -'} [In (I-x) J'

it becomes dear Ihal

Then. by successive dt:rivation. we deduce that

/'1 f1 = I,h,
/'1 t, = I,h 1+ fl h,
l', J~ = f,h, +f1h1 +h 1/ 1+ f,h,

'-1 (1I-2)!
/' -;: - "f h ----.--...- ..

It-I ~ ,,- ~ I+-' ",,;-1 i!{11-2-1)!'

(M)

(A7)

(A8)

[n the above derivatives. h, correspond to the klh derivative of function h. evaluated for x = O. Such
derivatives may be evaluated in a recursive manner as

2).h,
h, = O. h.. , = ih, .- (i - I) !. h, =3-' (A9)

SimiI;lrly. Ihe}; correspond to the k - Ith derivative of function t, (xl computed at x = O. and since a, _, = I..
from the recursive manner expressed by eqns (AR). all of the required a, can be calculated.
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Finally, by defining:

we can rewrite eqn (34) as

R. CORTES

C
(:x-x,,)"

A ""(l.(x_I)"I'I'! (AIO)

(
' I Tr I «, ')

0. = 0" I + I D. R'" + I L £i"I R'~ + r. L r. G,... RJ"+-~""
.... 1 ,,-1,,_1 , ... t f/-~ ,..1

wh<:rc

D. = A. +8. +C.

E,.., = A.. B" +8,C" +C,A"

GM' = A,8"C,.

(AU)

(AI:!)


